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0e000

¢ Worldline formalisms (or 1st quantized approaches) have
seen a comeback with the advent of string theory

e An example: scalar contribution to scalar QED at 1-loop

S[o, 6, A = / dPx (1(0, + igA I + mPl6f?)

e A = / D¢pD¢* e~ S19"Al — Det=1 (- V3 + mP)

[A] = Tr log (-V3 + m?) = —/ d—;- Tre (-Vatm)T
0

_ / el / Dx o= Jo 97 (3i-+iaA, (i n?) _
0 T PBC

¢ Notice the (gauge fixed) action of the scalar particle
running in the loop
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eUse A,(x) =N, s,(f) ePx and expand interaction to get
averages of “photon vertex operators”

<5211) XM () ePrX(m) L. ELI/VV) )'(MN(TN)efPN'X(TN)>
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e Use A,(x) = Z, 1 s ) eiPix and expand interaction to get
averages of “photon vertex operators”

<5£11) XM (7q)ePrX(m) (N) XN ()P X(TN)>

e Obtain “Bern-Kosower master formula”

N 2
o qT e—m T
Mo1,e1; i pnsen] = (2m)°6° (Y pi)(igV | = ——
(; ') T (47T7')§
N 1
(H/o dr,) epo[ Djpi-pj—i®Djei-pj+ 5 *Djei g
i=1 ij=1 lin &;
€2,D2
= - E1,N

EN,PN
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e action of scalar particle
Six]= [ dT(%e—U'(Q + gem? + igA(x) - x)
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e action of scalar particle
SIx] = [ dr (e 3@ + fenm? + igA(x) - X)
e can describe spin 1/2 and 1 with the N=1 and N=2
worldline supersymmetric extensions of the particle action
e need to manipulate quantum mech. path integrals



Worldline approaches

[e]e]e] o}

action of scalar particle

Six] = [ df(ge—w'@ + Lem? + igA(x) x)

can describe spin 1/2 and 1 with the N=1 and N=2
worldline supersymmetric extensions of the particle action
need to manipulate quantum mech. path integrals

can study also coupling to background gravity:

QM path integrals in curved space subtle but understood,

they require regularization with corresponding (finite)
counterterms
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e action of scalar particle
Six]= [ dT(%e—U'(Q + gem? + igA(x) - x)

e can describe spin 1/2 and 1 with the N=1 and N=2
worldline supersymmetric extensions of the particle action

e need to manipulate quantum mech. path integrals

e can study also coupling to background gravity:
QM path integrals in curved space subtle but understood,
they require regularization with corresponding (finite)
counterterms

F. Bastianelli and P. van Nieuwenhuizen
"Path Integrals and Anomalies in Curved Space”
(CUP 2006)
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e N=0: scalar (with Zirotti)
e N=1: fermion (Corradini, Zirotti)
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N=1: fermion (Corradini, Zirotti)

N=2: vector and differential forms (Benincasa, Giombi)
Applications on photon-graviton mixing (Schubert)
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N=0: scalar (with Zirotti)
N=1: fermion (Corradini, Zirotti)
N=2: vector and differential forms (Benincasa, Giombi)

Applications on photon-graviton mixing (Schubert)

Higher N: can study higher spin fields (Corradini, Latini;
Bonezzi)
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N = 2 spinning particle

Dynamical variables (x*, p,, ", ¥,; €, x, X, a)

—_—

X G
S = /dt [pﬂ)'(“ + i, " — eH — ixQ — ixQ — aJ]
where
1 _ - -
H = épupuv Q= P,ﬂb“, Q= P,ﬂP“, J= 1/}“%

are first class constraints

{Q,Q} = —-2iH, {J,Q}=iQ, {J,Q}=-iQ
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Canonical quantization [%*,p,] = is! , {J",d)} = ¢

Wave functions

1
¢(x:¥) = F(x) + F(x)p" + EFMuz(XWm%ﬁ“z + ...

Constraints

2 0
,J ==Y ——4p+1

r 1 ~ s
—_ —— 1 — oy — i
H zaua , Q= —iy*d,, Q=—id, o0, o
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Canonical quantization [%*,p,] = iol , {J* )} = o

Wave functions

BxE) = F(0+ Bl + 3 g (009109 1

Constraints

. X o 0
H= —faa , Q=—iyrd,, Q= i = 0 P
“w

J¢phys =0 = dphys ~ F,

i (XYt

é¢phys == O = deJr‘] — 0, ogbphys == 0 = dTFp+1 — O

= Maxwell equations for a p-forms gauge field A,
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Using the N=2 spinning particle one can obtain a nice

representation on the one-loop effective action of massless

(and massive) p-forms in a gravitational background
DGDX

re gl =

e SIG.Xid]
st Vol(gauge)

2r -2 N
/ a8 / a9 <2 cos g) DX e SX.Gigw]
81

proper— tlme U(1) mod.

where we used PBC fo

FP det.
the gauge G = G

path integral for N=2 nlom

r (e, x), ABC for (4,9, x, X), and chose
=(&X.X,8) =(5,0,0,9).
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Using the N=2 spinning particle one can obtain a nice
representation on the one-loop effective action of massless
(and massive) p-forms in a gravitational background

rOFT[g] _ DGDX e SIG.X:9]
P st Vol(gauge)

2r -2 .
= / s / a¢ <200$ g) DX e SX.Gigu]
St

proper— tlme U(1) mod. FP det. path integral for N=2 nlom

where we used PBC for (e, x), ABC for (¢, 1), x, ¥), and chose
the gauge G= G = (&,%,%,2) = (53,0,0,¢).

It allows to compute amplitudes and heat kernel coefficients,
and derive and check duality relations.

F.B., P. Benincasa, S. Giombi, JHEP 0504 (2005) 010
[hep-th/0503155]; JHEP 0510 (2005) 114 [hep-th/0510010]
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O(N) spinning particle
e Consider worldline action (i = 1,..,N)
_ o Ly 12
5= [ dt[pi+ guidi - 57°]
 Rigid SO(N) extended supersymmetry

1
H = 2P2, Qi = pyi, Jij = iy

{Q/,Qj}PB = —2io;H
{Jij, Qu}ps = 0 Qi — 0@

i dkitps = Ojdit — Oikdjt — Sjdik + dindix

Summary and outlook
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O(N) spinning particle action

e Algebra is first class — can be gauged
S A . 1
S = /dt {px + E@Dﬂﬁ; —eH—iyvQ; — Ea,-,-J;j]
e Eliminating momenta p
S = dt[ie (X = ixithi)™ + 59i(850r — ai/)ibj}

(model originally worked out by Gershun and Tkach)
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Bargmann-Wigner equations

e Canonical analysis:
D=4 — spin % particle (Bargmann-Wigner eq.)
o wave function |V¥) is a multispinor W,...q,(X)

e constraints 3;,-|\IJ> =0 — reduce the number of
independent components of the multispinor

o constraints QW) =0 — §, ¥V, 5. 4,(x) =0
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Bargmann-Wigner equations
e Canonical analysis:
D=4 — spin % particle (Bargmann-Wigner eq.)
o wave function |¥) is a multispinor W, ..., (X)

e constraints 3,-,-|W> =0 — reduce the number of
independent components of the multispinor

e constraints Q;|W) =0 — Do, Vo, a.ay(X) =0

e Study 1-loop quantization =- path integral on the circle



Worldline approaches O(N) particles and HS fields U(N) particles and complex HS fields Summary and outlook

00000 oooe 000
0000 0000000 00000000000

Bargmann-Wigner equations

e Canonical analysis:
D=4 — spin % particle (Bargmann-Wigner eq.)
o wave function |V¥) is a multispinor W,...q,(X)

e constraints f/,;|\|l> =0 — reduce the number of
independent components of the multispinor

o constraints QW) =0 — §, ¥V, 5. 4,(x) =0
e Study 1-loop quantization =- path integral on the circle
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Bargmann Wigner eq. in different base

e Consider N = 2s (integer spin)
Use complex combinations )" and ¢ = o 1=1, .. s.
Wave function:

W) ~ S Rty (X) PR 22
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Bargmann Wigner eq. in different base
e Consider N = 2s (integer spin)
Use complex combinations ' and ¢4' = ¢+, I =1, .. s.
Wave function:
V(X,) ~ ) Ry (X) W OH g 2
e J constraints — tensor R:

rectangular Young tableau of SO(D)

R~ n="C
=3




O(N) particles and HS fields
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Bargmann Wigner eq. in different base

e Consider N = 2s (integer spin)
Use complex combinations )" and ¢ = o 1=1, .. s.
Wave function:

V(X)) ~ Y R (X)W P2 ST

e J constraints — tensor R:

« has s blocks of n = 3 indices each: Ry 1,
e antisymmetric inside each block

o satisfies algebraic Bianchi identities

e symmetric under exchanges of the s blocks of indices
e traceless
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Bargmann Wigner eq. in different base

e Half of the Q constraints: differential Bianchi identities

R =0

Y1) ROV

Other half of the Q constraints: Maxwell equations

"R s =0

Y e 15 1
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Bargmann Wigner eq. in different base

e Half of the Q constraints: differential Bianchi identities

R =0

TS =

Other half of the Q constraints: Maxwell equations

I =
9 Ruu}~-u71,-~~7u?~uﬁ 0

e Gauge invariant description of higher spin fields
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Bargmann Wigner eq. in different base

e Half of the Q constraints: differential Bianchi identities

R =0

TS =

Other half of the Q constraints: Maxwell equations

z —
9 Ruu}--uk,--~7uf~~u2 0

e Gauge invariant description of higher spin fields

¢ Integrate Bianchi identities — HS gauge fields
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HS gauge fields

Manifest U(S) C 0(28) J,‘j = (J/J, Ju, J73) = (J/J, Ky, RIJ)

JYIR)=0 = R~n

———
S

R traceless
already satisfied (R traceless)

R closed (Bianchi identities)

o o o o
Pl

R co — closed (Maxwell equations)
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HS gauge fields

e Solve Q, by
’R> = Q1 QQQs’QO>

Summary and outlook
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HS gauge fields

e Solve Q, by
’R> = Q1 QQQs’QO>

« Solve J)Y by

o) = —iole) o~ (n—1) {
| ——
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HS gauge fields
e Solve Q, by

’R> = Q1 0203’@>

« Solve J)Y by

Summary and outlook

Jo) = —isflg) o~ (n—1) {

———

S

« To solve last nontrivial constraints K~ compute

K2 Qy..Qslp) = Q3..Qsi [— 2H + Q Q' + éQ/QJRJI lp) =0

Fronsdal—Labastida operator G
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HS gauge fields

e Solution described by the equation
Glip) = QiQu Q™)
where the compensators can be presented as
) = WKW W p)

Summary and outlook

(W arbitrary vector field, W' = WHi! | |p) with same YT as |p))

w
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HS gauge fields

e Solution described by the equation
Glip) = QiQu Q™)
where the compensators can be presented as
K = WKW W)

Summary and outlook

(W arbitrary vector field, W' = WHi! | |p) with same YT as |p))

w

o Gauge symmetries (|¢/) = V/|¢))
dlp) = QK|€K>
(1) = 5N
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HS gauge field
e Solution described by the equation
Gly) = QiQsQklp")
where the compensators can be presented as

) = WKW W p)

Summary and outlook

(W arbitrary vector field, W' = WHi! | |p) with same YT as |p))

w?

o Gauge symmetries (|¢/) = V/|¢))
dlp) = QK|€K>
(1) = 5N

e Can gauge fix compensator to get Fronsdal-Labastida eq.

Gle) =0
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Fronsdal-Labastida equation

[-2H+ Q@'+ éo,oJRJ’ o) =0

|p) is double traceless (for consistency with gauge fixing)
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Fronsdal-Labastida equation

_2H+QQ + éQ,QJRJ’} o) =0

|p) is double traceless (for consistency with gauge fixing)
e For D=4 and N = 2s it gives Fronsdal eq.

R~ e~ LT
(——
S

—_—
S
_ o _ 0 0
—2H~0O, Q ~ ', Q' ~ 0., KN ~ ———ppv
/ wl : 8¢ul : 8¢uln 8¢I/J

O0us.is = (011 0% Papip..pis + +-) + (01 09" apigopis +--) = 0
@aaﬁﬁus...us =0; 599;1'1..‘/1s = 0(;1,1 5;12.../15) ) gaay;;...usq =0
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U(N) spinning particle
We now consider a similar model of a spinning particle,
constructed by Marcus from the particle limit of N = 2 strings.
It is defined on a (flat) complex space.

e Consider a worldline action (i = 1,.., N)
S— / o[ + P + i — P
« Rigid U(N) extended supersymmetry
H=pp", Q=puf, Q=pd", J=uv,
{Qi, @}, = —idiH

{J{, Qkltpg = */’5{(Qi ) {J{v Ok}PB = ,'5IkQ/
{J{-/ J/I(}PB = ié{“’{( - id{(‘jil
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U(N) spinning particle action

e Algebra is first class — can be gauged
1 - - p— - . -— . B
s_/ dr [puk“+ﬁﬁiﬂ+iwLw;‘—eH—i;z’Qi—iX/Q’—a}J{]
0
e Eliminating momenta p and p

S = /dT (k! — i) (X — IXJW)+I¢' (5’8 —/a’)w”]
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U(N) particles and complex HS fields

... and HS fields on complex manifolds

Summary and outlook



U(N) particles and complex HS fields

O®@000000000

Canonical analysis

 Choose coordinates (x*, X*, ") and momenta (p,., Pz, zZJL)
Wave functions:

V(XX 0) ~ > Fugpneos. (6 X) 4042yt

e J constraint — tensor F:

¢ has N blocks of mindices each: Flt e Tl
e antisymmetric inside each block

o satisfies algebraic Bianchi identities

e symmetric under exchanges of the s blocks of indices
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Canonical analysis

 Choose coordinates (x*, X*, ") and momenta (p,., Pz, zZL)
Wave functions:

W(X, )_(7¢) ~ Z FM1M2-»---1V1V2--(X7 )_() MMTWZ-v Tt wﬁwly\lz

e J constraint — tensor F:

¢ has N blocks of mindices each: F[u}.-uln],-.
e antisymmetric inside each block

o satisfies algebraic Bianchi identities

e symmetric under exchanges of the s blocks of indices
e i.e. Young tableau of GL(d), where d are the complex
dimensions of the manifold

N VAT



Worldline approaches O(N) particles and HS fields U(N) particles and complex HS fields
00000 0000 000
0000 0000000 00e00000000

Canonical analysis

e Q constraints: "Bianchi" identities

O Fot ity =0

m] 7“1
Q constraints: "Maxwell" equations

O'F v =20

M- Um: :N1 ‘Hm

Summary and outlook
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Canonical analysis

e QQ constraints: "Bianchi" identities

O Pttt iy = 0
Q constraints: "Maxwell" equations
OMF n=20

H. Hm: :N1 ‘Hm

Summary and outlook

e This formulation gives a gauge invariant description for a

class of higher spin fields on complex manifolds
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Canonical analysis

e QQ constraints: "Bianchi" identities

O Py ittty = 0
Q constraints: "Maxwell" equations
OMF n=20

H. ,uma 7N1 ‘Hm

Summary and outlook

e This formulation gives a gauge invariant description for a

class of higher spin fields on complex manifolds

e Can integrate Bianchi identities — HS gauge fields
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Complex HS gauge fields

JI|Fy=0 = F~m

—_——
N

Qj|F) =0 = F closed (Bianchi identities)

Q|F)=0 = F coclosed (Maxwell equations)

Summary and outlook
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complex HS gauge fields

e Solve Q; constraint by

|F) = Q1Q..Qn |9)

Summary and outlook
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complex HS gauge fields

e Solve Q; constraint by

IF) = Q1Qz..Qy |0)

« Solve J/ constraint by choosing

Summary and outlook

JN6) = —islle) 6 ~p=(m-1) {

———
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complex HS gauge fields

e Solve Q; constraint by

IF) = Q1Qz..Qy |0)

« Solve J/ constraint by choosing

Summary and outlook

S8 = —ishle)  o~p=(m—1) {

———

« Impose last constraints (Q') and compute

N

Q' Qi-Qul¢) = ~Q-Qu [~ H+ Q@ o) =0

—

operator G
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Complex HS gauge fields
e Solution described by
(-H+QQ)l¢) = Qqlp’)
where the compensators can be represented by
|p") = VIV |p)

(V* arbitrary vector field, V/ = V#4i | |p) with same YT as |¢))
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Complex HS gauge fields

e Solution described by
(-H+aQ)e) =agl)
where the compensators can be represented by
p") = VIV|p)
(V* arbitrary vector field, V/ = V#4i | |p) with same YT as |¢))
e Gauge symmetries

olg) = Qil¢’)
olp") = —Ql|eh)
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Complex HS equations

e Can gauge fix compensator to get simpler eq.

(-H+QQ)l¢)=0

Summary and outlook
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Complex HS equations

e Can gauge fix compensator to get simpler eq.
(—H+QQ)|¢)=0

e For consistency with partial gauge fixing, |¢) is double
divergence-less

Q'Qlg) =0

Summary and outlook

and gauge symmetry (5|¢) = Q;|¢')) has constrained gauge

parameters (i # j)

Qg)y =0
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Explicit examples

Case with p = 1 and arbitrary N without compensators

N
o~ T T T T = 000umw— ) 000 aun =0
— i=1
N
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Explicit examples

Case with p = 1 and arbitrary N without compensators

N
o[ TTTT] = 000"um = D 0ud*Purcgn = 0
— i=1
N

gauge invariance

550;“...“,\, = 8;11 )\,uz...pN + cyclic perm.
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Explicit examples

Case with p = 1 and arbitrary N without compensators

N
e~ LT T T = 000" — Y 0u0%u .y =0
— i=1
N

gauge invariance
550;“...#,\, = 8;11 )\,u,z...pN + cyclic perm.

constrained fields o
8aaﬂ¢aﬂusmﬂw =0

ga)‘ausmmv =0
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Explicit examples

Case with p = 1 and arbitrary N without compensators

N
e~ LT T T = 000" — Y 0u0%u .y =0
— i=1
N

gauge invariance
0Pu.cuin = Oy Ap..iy + CyClic perm.
constrained fields o
8aaﬂ¢aﬂusmﬂw =0

ga)‘ausmmv =0

Very much reminiscent of Fronsdal’s equations: no invariant
concept of taking traces on holomorphic indices, usual trace
constraints naturally substituted by differential constraints.
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Case with p = 1 and N = 2 with compensator

e~ ]
&ﬁagow, - auéagoa,, — 8,,('_90‘4,%@ = 0u,0vp

gauge symmetry

§ou = Oy + 0Ny,  Op=—20%\,
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Case with p = 1 and N = 2 with compensator

e~ ]
8a5°‘g0w, - 6M5ag0a,, — 8,,('_9acpw = 0u,0vp

gauge symmetry
§ou = Oy + 0Ny,  Op=—20%\,

Reminiscent of the Francia-Sagnotti construction for relaxing
the trace constraints on standard higher spin gauge theories
using compensator fields.



Worldline approaches O(N) particles and HS fields U(N) particles and complex HS fields Summary and outlook

00000 0000 000
0000 0000000 00000000080

Worldline formalism

e These field equations can be quantized and described
using the worldline formalism



U(N) particles and complex HS fields

00000000080

Worldline formalism
e These field equations can be quantized and described
using the worldline formalism

¢ At free field level can just compute the number of degrees
of freedom



U(N) particles and complex HS fields

00000000080

Worldline formalism

e These field equations can be quantized and described
using the worldline formalism

o At free field level can just compute the number of degrees
of freedom

e Coupling to curved manifolds:
for N > 2 it is possible to extend these equations on
manifold with constant holomorphic curvature, and more
generally to manifolds with vanishing Bochner tensor (a
Kahler analogue of the Weyl tensor)
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Worldline formalism

e O(N) particles on maximally symmetric spaces = zero
mode of the nonlinear Bershadsky—Knizhnik O(N)
superconformal algebras in 2D (quantum version of
couplings to (A)dS by Kuzenko and Yarevskaya)

(works with Olindo Corradini and Emanuele Latini,
JHEP 0702:072,2007 [hep-th/0701055],
JHEP 0811:054,2008. [arXiv:0810.0188], ....)
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Worldline formalism

e O(N) particles on maximally symmetric spaces = zero
mode of the nonlinear Bershadsky—Knizhnik O(N)
superconformal algebras in 2D (quantum version of
couplings to (A)dS by Kuzenko and Yarevskaya)

(works with Olindo Corradini and Emanuele Latini,
JHEP 0702:072,2007 [hep-th/0701055],
JHEP 0811:054,2008. [arXiv:0810.0188], ....)

e U(N) particles on spaces with constant holomorphic
curvature = zero mode of the nonlinear
Bershadsky—Knizhnik U(N) superconformal algebras in 2D

(work with Roberto Bonezzi,
JHEP 0903:063,2009 [arXiv:0901.2311],
JHEP 1005:020,2010 [arXiv:1003.1046], ...)
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Summary and outlook

O(N) and U(N) spinning particles as a way of describing
HS fields in 1st quantization

U(N) model has produced some amusing gauge invariant
field equations on complex manifolds

Can extend these models to OSp(N|2M) and U(N|M)
Maybe not the best formalism to study interactions, but one

can at least study possible couplings to background fields
(good enough for studying 1-loop structure of the theory)

and to conclude ....
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