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entanglement ! quantum parallelism:
compute all values of f .x/ for x D 010011000:::01 in just one
run (global properties)

� Discrete Universal set of quantum gates: any unitary
operator can be approximated by products of 4 universal
gates: H , S , CNOT and T

with arbitrary precision in

E.U;V / � max
j i

jjU � V j ijj
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� Decoherence and noise: unavoidable due to local
interactions destroying coherent phenomena and flipping
j0i $ j1i

� Quantum Error-Correcting algorithms:

Nice if the threshold theorem indeed applies

Not a big help on the scale of 500 qubits
(huge overhead)
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(plektons: higher dimensional representations of the Braid
group)
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The Pfaffian quantum Hall state:

� Most promising non-Abelian candidate: fract. quantum
Hall state with filling factor � D 5=2 (second Landau level)

� Routinely observed in ultrahigh-mobility samples [Pan et
al., Xia et al., Eisenstein et al., Choi et al.]

� In the universality class of the Moore–Read state
(Pfaffian CFT: du.1/ � Ising )

� non-Abelian statistics might be easier to be observed than
the Abelian one [Stern-Halperin, Kitaev et al.]

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Residual noise and decoherence: due to thermally
activated q.p.–q.h. pairs (executing uncontrolled braidings)

� Exponentially suppressed at low temperature (T � 5

mK) by the bulk energy gap (�=kB � 500 mK) [Das Sarma]

Error rate '

�
kBT

�

�
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�
�
�

kBT

�
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Topological protection in the Pfaffian FQH state

� Residual noise and decoherence: due to thermally
activated q.p.–q.h. pairs (executing uncontrolled braidings)

� Exponentially suppressed at low temperature (T � 5

mK) by the bulk energy gap (�=kB � 500 mK) [Das Sarma]

Error rate '

�
kBT

�

�
exp

�
�
�

kBT

�
< 10�30

)

� Unpresedented precision of quantum information
processing
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� CFT: effective field theory at low T and TD limit (N ! 1)
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DISCLAIMER: Note for CFT haters:
� CFT: effective field theory at low T and TD limit (N ! 1)

� but: efficiently captures all universal properties
especially topological ones

� e.g.: electric charge and quantum statistics of localized
excitations

� Promise: We shall only use universal quantities for TQC!

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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TQC scheme of Das Sarma et al.
� Main idea: use 4 q.h. Pfaffian wave functions as qubit
(2-dim. space) N electrons (holes) at z1; : : : ; zN and 4
quasiholes at �1; : : : ; �4

	4qh.�1; �2; �3; �4I z1; : : : ; zN /
def
D

h qh.�1/ qh.�2/ qh.�3/ qh.�4/

NY
iD1

 hole.zi/i
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� Main idea: use 4 q.h. Pfaffian wave functions as qubit
(2-dim. space) N electrons (holes) at z1; : : : ; zN and 4
quasiholes at �1; : : : ; �4

	4qh.�1; �2; �3; �4I z1; : : : ; zN /
def
D

h qh.�1/ qh.�2/ qh.�3/ qh.�4/

NY
iD1

 hole.zi/i

 hole.z/ D  .z/ : ei
p

2�.z/ : and  qh.�/ D �.�/ : e
i 1

2
p

2
�.�/

:;

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Explicit result [Nayak–Wilczek]: (�ab D �a � �b)

	4qh.�1; �2; �3; �4I z1; : : : ; zN / D 	
.0/
4qh C 	

.1/
4qh;
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� Explicit result [Nayak–Wilczek]: (�ab D �a � �b)

	4qh.�1; �2; �3; �4I z1; : : : ; zN / D 	
.0/
4qh C 	

.1/
4qh;

	
.0;1/
4qh D

.�13�24/
1
4p

1 ˙
p

x

�
	.13/.24/ ˙

p
x 	.14/.23/

�
; x �

�14�23

�13�24
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� Explicit result [Nayak–Wilczek]: (�ab D �a � �b)

	4qh.�1; �2; �3; �4I z1; : : : ; zN / D 	
.0/
4qh C 	

.1/
4qh;

	
.0;1/
4qh D

.�13�24/
1
4p

1 ˙
p

x

�
	.13/.24/ ˙

p
x 	.14/.23/

�
; x �

�14�23

�13�24

	.ab/.cd/ D Pf

 
.zi � �a/.zi � �b/.zj � �c/.zj � �d/C .i $ j /

zi � zj

!
�

�

Y
1�i<j �N

.zi � zj /
2; .a < b; c < d/ s:v:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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The NOT gate of Das Sarma et al.:

� Claim [LG]: Mach–Zehnder interference iff
ˇ̌̌
�12�34
�13�24

ˇ̌̌
< 1
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The NOT gate of Das Sarma et al.:

� Claim [LG]: Mach–Zehnder interference iff
ˇ̌̌
�12�34
�13�24

ˇ̌̌
< 1

� NOT gate: take �3 along a closed loop around �2, i.e.,

NOT W �23 ! lim
t!1�

e2� i t�23; where t 2 Œ0; 1/

Then [Das Sarma et al.] where qubit D .�1; �2/

j0i ! j1i and j1i ! j0i

� N.B.: The NOT gate is a monodromy transformation

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Braiding: Extend TQC scheme of Das Sarma

� Computational basis (reminder):

j0i; j1i $ 	
.0;1/
4qh D

.�13�24/
1
4p

1 ˙
p

x

�
	.13/.24/ ˙

p
x 	.14/.23/

�
	.13/.24/ and 	.14/.23/ .single � valued/; x �

�14�23

�13�24
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Braiding: Extend TQC scheme of Das Sarma

� Computational basis (reminder):

j0i; j1i $ 	
.0;1/
4qh D

.�13�24/
1
4p

1 ˙
p

x

�
	.13/.24/ ˙

p
x 	.14/.23/

�
	.13/.24/ and 	.14/.23/ .single � valued/; x �

�14�23

�13�24

� Fermion parity: double degenrated Ramond sector �˙

Œ 0; 
F �C D 0;  2
0 D

1

2
; 
 2

F D 1 ) 
F�˙
F D ˙�˙

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Physical quasihole: Modular invariance ) GSO
projection ) non-Abelian statistics

�.�/ D
�C.�/C ��.�/

p
2

) � � � D I C  

� Parity conservation: h�e1�e2�e3�e4i ¤ 0 , e1e2 D e3e4
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� Physical quasihole: Modular invariance ) GSO
projection ) non-Abelian statistics

�.�/ D
�C.�/C ��.�/

p
2

) � � � D I C  

� Parity conservation: h�e1�e2�e3�e4i ¤ 0 , e1e2 D e3e4

� Computational basis: CFT desciption

j0i � h�C�C�C�Ci; j1i � h�C���C��i;
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� Physical quasihole: Modular invariance ) GSO
projection ) non-Abelian statistics

�.�/ D
�C.�/C ��.�/

p
2

) � � � D I C  

� Parity conservation: h�e1�e2�e3�e4i ¤ 0 , e1e2 D e3e4

� Computational basis: CFT desciption

j0i � h�C�C�C�Ci; j1i � h�C���C��i;

� Space dimension = correlation functions multiplicity:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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conservation ) qubit = .e1; e2/ where ei D ˙1
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conservation ) qubit = .e1; e2/ where ei D ˙1

� Ising OPE: ) .C;C/ ' .�;�/ and .C;�/ ' .�;C/

) dim H4� D 2. In general: dim H2n� D 2n�1

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Braiding as analytic continuation: (0 � t � 1)

�0
1 D

�1 C �2

2
C ei� t�1 � �2

2
; �0

2 D
�1 C �2

2
� ei� t�1 � �2

2
;

2η 1η

2
21 ηη +

tiπηη e2
21−

12R
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Exchange matrices for 4 Pfaffian quasiholes

� Use analytic continuation properties of Ising 4-point
functions

p
1 ˙

p
x with x D

�14�23
�13�24
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Exchange matrices for 4 Pfaffian quasiholes

� Use analytic continuation properties of Ising 4-point
functions

p
1 ˙

p
x with x D

�14�23
�13�24

� The single-valued functions 	.ab;cd/ also contribute
because the braid transformations exchange points

� Finite 2-dimensional representation of the braid group B4

R
.4/
12

D R
.4/
34

D

�
1 0

0 i

�
; R

.4/
23

D
ei �

4

p
2

�
1 �i

�i 1

�
L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Details: consider �1 ! �2, �2 ! �1 so that x ! 1=x and
	.14/.23/ $ 	.13/.24/
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Details: consider �1 ! �2, �2 ! �1 so that x ! 1=x and
	.14/.23/ $ 	.13/.24/

R
.4/
12
	
.0;1/
4qh D

.�23�14/
1
4r

1 ˙

q
1
x

�
	.14/.23/ ˙

1
p

x
	.13/.24/

�
:
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Details: consider �1 ! �2, �2 ! �1 so that x ! 1=x and
	.14/.23/ $ 	.13/.24/

R
.4/
12
	
.0;1/
4qh D

.�23�14/
1
4r

1 ˙

q
1
x

�
	.14/.23/ ˙

1
p

x
	.13/.24/

�
:

� Express �23�14 D �13�24 x
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Details: consider �1 ! �2, �2 ! �1 so that x ! 1=x and
	.14/.23/ $ 	.13/.24/

R
.4/
12
	
.0;1/
4qh D

.�23�14/
1
4r

1 ˙

q
1
x

�
	.14/.23/ ˙

1
p

x
	.13/.24/

�
:

� Express �23�14 D �13�24 x

� Take out
q

˙
p

1=x from the denominator



Statphys23 Satellite Meeting, STATISTICAL FIELD THEORY OF QUANTUM DEVICES, Perugia (Italy) July 16-19, 200724 / 69

Details: consider �1 ! �2, �2 ! �1 so that x ! 1=x and
	.14/.23/ $ 	.13/.24/

R
.4/
12
	
.0;1/
4qh D

.�23�14/
1
4r

1 ˙

q
1
x

�
	.14/.23/ ˙

1
p

x
	.13/.24/

�
:

� Express �23�14 D �13�24 x

� Take out
q

˙
p

1=x from the denominator

� Sign ambiguity resloved either by fusion consistency or by
invoking Yang–Baxter equations

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Next, we first exchange �1 with �3 to find R
.4/
13

and then use

R
.4/
23

D R
.4/
12

R
.4/
13

�
R
.4/
12

��1
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Next, we first exchange �1 with �3 to find R
.4/
13

and then use

R
.4/
23

D R
.4/
12

R
.4/
13

�
R
.4/
12

��1

�1 ! �3; �3 ! �1
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Next, we first exchange �1 with �3 to find R
.4/
13

and then use

R
.4/
23

D R
.4/
12

R
.4/
13

�
R
.4/
12

��1

�1 ! �3; �3 ! �1; �13 ! ei��13;
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Next, we first exchange �1 with �3 to find R
.4/
13

and then use

R
.4/
23

D R
.4/
12

R
.4/
13

�
R
.4/
12

��1

�1 ! �3; �3 ! �1; �13 ! ei��13; x ! Qx D 1 � x

and exchanges the single-valued functions 	.ab/.cd/

	.13/.24/ ! 	.13/.24/; while 	.14/.23/ ! 	.12/.34/:
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Next, we first exchange �1 with �3 to find R
.4/
13

and then use

R
.4/
23

D R
.4/
12

R
.4/
13

�
R
.4/
12

��1

�1 ! �3; �3 ! �1; �13 ! ei��13; x ! Qx D 1 � x

and exchanges the single-valued functions 	.ab/.cd/

	.13/.24/ ! 	.13/.24/; while 	.14/.23/ ! 	.12/.34/:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Then use the identity [Nayak–Wilczek]

.1 � x/	.12/.34/ D 	.13/.24/ � x 	.14/.23/;



Statphys23 Satellite Meeting, STATISTICAL FIELD THEORY OF QUANTUM DEVICES, Perugia (Italy) July 16-19, 200726 / 69

Then use the identity [Nayak–Wilczek]

.1 � x/	.12/.34/ D 	.13/.24/ � x 	.14/.23/; as well asq
1 C

p
1 � Qx ˙

q
1 �

p
1 � Qx D ˙

p
2

q
1 ˙

p
Qx;
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Then use the identity [Nayak–Wilczek]

.1 � x/	.12/.34/ D 	.13/.24/ � x 	.14/.23/; as well asq
1 C

p
1 � Qx ˙

q
1 �

p
1 � Qx D ˙

p
2

q
1 ˙

p
Qx;

to find

R
.4/
13

"
	
.0/
4qh

	
.1/
4qh

#
D

ei �
4

p
2

�
1 1

�1 1

�"
	
.0/
4qh

	
.1/
4qh

#
:
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Then use the identity [Nayak–Wilczek]

.1 � x/	.12/.34/ D 	.13/.24/ � x 	.14/.23/; as well asq
1 C

p
1 � Qx ˙

q
1 �

p
1 � Qx D ˙

p
2

q
1 ˙

p
Qx;

to find

R
.4/
13

"
	
.0/
4qh

	
.1/
4qh

#
D

ei �
4

p
2

�
1 1

�1 1

�"
	
.0/
4qh

	
.1/
4qh

#
:

fix sign ambiguity by
�
R
.4/
23

�2
DNOT
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Then use the identity [Nayak–Wilczek]

.1 � x/	.12/.34/ D 	.13/.24/ � x 	.14/.23/; as well asq
1 C

p
1 � Qx ˙

q
1 �

p
1 � Qx D ˙

p
2

q
1 ˙

p
Qx;

to find

R
.4/
13

"
	
.0/
4qh

	
.1/
4qh

#
D

ei �
4

p
2

�
1 1

�1 1

�"
	
.0/
4qh

	
.1/
4qh

#
:

fix sign ambiguity by
�
R
.4/
23

�2
DNOT

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Finite monodromy group generated by �1 and �3�
R
.4/
12

�2
D

�
1 0

0 �1

�
;

�
R
.4/
23

�2
D

�
0 1

1 0

�
;

isomorphic to the symmetry group of the square (8
elements) typically given in the 2D rep. as

D4 � f˙I2; ˙�1; ˙i�2; ˙�3g;
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Finite monodromy group generated by �1 and �3�
R
.4/
12

�2
D

�
1 0

0 �1

�
;

�
R
.4/
23

�2
D

�
0 1

1 0

�
;

isomorphic to the symmetry group of the square (8
elements) typically given in the 2D rep. as

D4 � f˙I2; ˙�1; ˙i�2; ˙�3g;

Monodromy group is normal subgroup of braid group and

Bn=Mn ' Sn
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Finite monodromy group generated by �1 and �3�
R
.4/
12

�2
D

�
1 0

0 �1

�
;

�
R
.4/
23

�2
D

�
0 1

1 0

�
;

isomorphic to the symmetry group of the square (8
elements) typically given in the 2D rep. as

D4 � f˙I2; ˙�1; ˙i�2; ˙�3g;

Monodromy group is normal subgroup of braid group and

Bn=Mn ' Sn

Finite representation of Mn ” finite repr. of Bn
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Finite monodromy group generated by �1 and �3�
R
.4/
12

�2
D

�
1 0

0 �1

�
;

�
R
.4/
23

�2
D

�
0 1

1 0

�
;

isomorphic to the symmetry group of the square (8
elements) typically given in the 2D rep. as

D4 � f˙I2; ˙�1; ˙i�2; ˙�3g;

Monodromy group is normal subgroup of braid group and

Bn=Mn ' Sn

Finite representation of Mn ” finite repr. of Bn

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Braid group (Artin) relations: Bi D Ri;iC1 2 Bn

BiBj D Bj Bi ; for ji � j j � 2

BiBiC1Bi D BiC1BiBiC1; i D 1; : : : ; n � 1
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� Braid group (Artin) relations: Bi D Ri;iC1 2 Bn

BiBj D Bj Bi ; for ji � j j � 2

BiBiC1Bi D BiC1BiBiC1; i D 1; : : : ; n � 1

� Projective representation: for braid group on the sphere

B1B2 � � � Bn�2B2
n�1Bn�2 � � � B2B1 D I:

is only up to phase
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� Braid group (Artin) relations: Bi D Ri;iC1 2 Bn

BiBj D Bj Bi ; for ji � j j � 2

BiBiC1Bi D BiC1BiBiC1; i D 1; : : : ; n � 1

� Projective representation: for braid group on the sphere

B1B2 � � � Bn�2B2
n�1Bn�2 � � � B2B1 D I:

is only up to phase

Dimino’s algorithm: given the generators of a finite group,
enumerate the group elements [Lou Dimino, Bell Labs.
1971]

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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For the group B4 Dimino’s algorithm gives [Maple with
modules]

jImage .B4/ j D 96:
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For the group B4 Dimino’s algorithm gives [Maple with
modules]

jImage .B4/ j D 96:

For general 2n � 6 [Read]

jImage .B2n/ j D

(
22n�1.2n/! for n D even
22n.2n/! for n D odd

:
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For the group B4 Dimino’s algorithm gives [Maple with
modules]

jImage .B4/ j D 96:

For general 2n � 6 [Read]

jImage .B2n/ j D

(
22n�1.2n/! for n D even
22n.2n/! for n D odd

:

� Too bad for TQC:
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For the group B4 Dimino’s algorithm gives [Maple with
modules]

jImage .B4/ j D 96:

For general 2n � 6 [Read]

jImage .B2n/ j D

(
22n�1.2n/! for n D even
22n.2n/! for n D odd

:

� Too bad for TQC: for universal TQC we need Image .B2n/

to be dense in the unitary group

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Single-qubit gates: The Pauli X gate

The NOT gate [Das Sarma et al.] X � R2
23

D

�
0 1

1 0

�

4
3

2
1

X

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Single-qubit gates: the Hadamard gate

H ' R2
12R13 D R12R23R12 D

ei �
4

p
2

�
1 1

1 �1

�
:

4
3

2

1

H

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Single-qubit gates: the Pauli Y gate

(defined in QC without i ) Y � R�1
12

R2
23

R12 D

�
0 1

�1 0

�

4
3

2
1

Y

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Single-qubit gates: the Pauli Z gate

Z � R2
12

D R2
34

D

�
1 0

0 �1

�

4
3

2
1

Z

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Single-qubit gates: the phase gate S

S � R12 D R34 D

�
1 0

0 i

�

4
3

2
1

S

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Construct the �=8 gate T by braiding? No Way!
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Construct the �=8 gate T by braiding? No Way!

T D

�
1 0

0 ei�=4

�
) det T D ei�=4;
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Construct the �=8 gate T by braiding? No Way!

T D

�
1 0

0 ei�=4

�
) det T D ei�=4;

� Generators: det R
.4/
a;aC1

D i

� ) T is not expressible by products of R
.4/
a;aC1

:
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Construct the �=8 gate T by braiding? No Way!

T D

�
1 0

0 ei�=4

�
) det T D ei�=4;

� Generators: det R
.4/
a;aC1

D i

� ) T is not expressible by products of R
.4/
a;aC1

:

� ) No universality!

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Two-qubits construction and two-qubit gates
dim H2n D 2n�1;
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Two-qubits construction and two-qubit gates
dim H2n D 2n�1; j0i ' �C�C � I, j1i ' �C�� �  
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Two-qubits construction and two-qubit gates
dim H2n D 2n�1; j0i ' �C�C � I, j1i ' �C�� �  

1η 2η 3η 4η 5η 6η

qubit 1 qubit 2
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Two-qubits construction and two-qubit gates
dim H2n D 2n�1; j0i ' �C�C � I, j1i ' �C�� �  

1η 2η 3η 4η 5η 6η

qubit 1 qubit 2

j00i � h�C�C�C�C�C�Ci; j01i � h�C�C�C���C��i

j10i � h�C���C���C�Ci; j11i � h�C���C�C�C��i

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Exchange matrices for 6-quasiholes
Compute R

.6/
12

:



Statphys23 Satellite Meeting, STATISTICAL FIELD THEORY OF QUANTUM DEVICES, Perugia (Italy) July 16-19, 200737 / 69

Exchange matrices for 6-quasiholes
Compute R

.6/
12

: first fuse �5 ! �6
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Exchange matrices for 6-quasiholes
Compute R

.6/
12

: first fuse �5 ! �6

j00i !
�5!�6

h�C�C�C�Ci; j01i !
�5!�6

h�C�C�C�� i

j10i !
�5!�6

h�C���C��i; j11i !
�5!�6

h�C���C�C i
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Exchange matrices for 6-quasiholes
Compute R

.6/
12

: first fuse �5 ! �6

j00i !
�5!�6

h�C�C�C�Ci; j01i !
�5!�6

h�C�C�C�� i

j10i !
�5!�6

h�C���C��i; j11i !
�5!�6

h�C���C�C i

Then �1 $ �2 is represented by R
.4/
12
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Exchange matrices for 6-quasiholes
Compute R

.6/
12

: first fuse �5 ! �6

j00i !
�5!�6

h�C�C�C�Ci; j01i !
�5!�6

h�C�C�C�� i

j10i !
�5!�6

h�C���C��i; j11i !
�5!�6

h�C���C�C i

Then �1 $ �2 is represented by R
.4/
12

R
.6/
12

D

2664
1 0 0 0

0 1 0 0

0 0 i 0

0 0 0 i

3775 D R
.4/
12

˝ I2:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Compute R
.6/
23

:
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Compute R
.6/
23

: fuse �5 ! �6

R
.6/
23

D
ei �

4

p
2

2664
1 0 �i 0

0 1 0 �i

�i 0 1 0

0 �i 0 1

3775 D R
.4/
23

˝ I2:
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Compute R
.6/
23

: fuse �5 ! �6

R
.6/
23

D
ei �

4

p
2

2664
1 0 �i 0

0 1 0 �i

�i 0 1 0

0 �i 0 1

3775 D R
.4/
23

˝ I2:

In the same way, by fusing first �1 ! �2, we obtain
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Compute R
.6/
23

: fuse �5 ! �6

R
.6/
23

D
ei �

4

p
2

2664
1 0 �i 0

0 1 0 �i

�i 0 1 0

0 �i 0 1

3775 D R
.4/
23

˝ I2:

In the same way, by fusing first �1 ! �2, we obtain

R
.6/
45

D
ei �

4

p
2

2664
1 �i 0 0

�i 1 0 0

0 0 1 �i

0 0 �i 1

3775 D I2 ˝ R
.4/
23
; and

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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R
.6/
56

D

2664
1 0 0 0

0 i 0 0

0 0 1 0

0 0 0 i

3775 D I2 ˝ R
.4/
34
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R
.6/
56

D

2664
1 0 0 0

0 i 0 0

0 0 1 0

0 0 0 i

3775 D I2 ˝ R
.4/
34

� Doesn’t work for R
.6/
34

(not factorizable)
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R
.6/
56

D

2664
1 0 0 0

0 i 0 0

0 0 1 0

0 0 0 i

3775 D I2 ˝ R
.4/
34

� Doesn’t work for R
.6/
34

(not factorizable)

� However: R
.6/
34

diagonal due to NS-sector supersel. rule
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R
.6/
56

D

2664
1 0 0 0

0 i 0 0

0 0 1 0

0 0 0 i

3775 D I2 ˝ R
.4/
34

� Doesn’t work for R
.6/
34

(not factorizable)

� However: R
.6/
34

diagonal due to NS-sector supersel. rule

� ) Obtain R
.6/
34

directly from the OPE

j00i !
�3!�4

�
�1=8
34

h�C�C�C�Ci; j01i !
�3!�4

�
3=8
34

h�C�C �C��i

j10i !
�3!�4

�
3=8
34

h�C�� �C�Ci; j11i !
�3!�4

�
�1=8
34

h�C���C��i

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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�3 $ �4 ) R
.6/
34

D

2664
1 0 0 0

0 i 0 0

0 0 i 0

0 0 0 1

3775
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�3 $ �4 ) R
.6/
34

D

2664
1 0 0 0

0 i 0 0

0 0 i 0

0 0 0 1

3775
� Remember: Not all 6-q.h. elementary exchanges are
tensor products of the 4-q.h. ones!
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� Remember: Not all 6-q.h. elementary exchanges are
tensor products of the 4-q.h. ones!

� Important: creating entanglement purely by braiding

� Explain this in the universal R matrix approach
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�3 $ �4 ) R
.6/
34

D

2664
1 0 0 0

0 i 0 0

0 0 i 0

0 0 0 1

3775
� Remember: Not all 6-q.h. elementary exchanges are
tensor products of the 4-q.h. ones!

� Important: creating entanglement purely by braiding

� Explain this in the universal R matrix approach

� Dimino: jImage .B6/ j D 46080, jImage .M6/ j D 32

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Single-qubit gates in the two-qubit basis
� Hadamard gates acting on first and second qubits:

H1 ' H ˝ I2 D

�
R
.6/
12

��1 �
R
.6/
23

��1 �
R
.6/
12

��1
D

D
e�i �

4

p
2

2664
1 0 1 0

0 1 0 1

1 0 �1 0

0 1 0 �1

3775 ;
L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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H2 ' I2 ˝ H D R
.6/
56

R
.6/
45

R
.6/
56

D
ei �

4

p
2

2664
1 1 0 0

1 �1 0 0

0 0 1 1

0 0 1 �1

3775 :
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H2 ' I2 ˝ H D R
.6/
56

R
.6/
45

R
.6/
56

D
ei �

4

p
2

2664
1 1 0 0

1 �1 0 0

0 0 1 1

0 0 1 �1

3775 :
� Phase gates on first and second qubits:

S1 D S ˝ I2 D R
.6/
12
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H2 ' I2 ˝ H D R
.6/
56

R
.6/
45

R
.6/
56

D
ei �

4

p
2

2664
1 1 0 0

1 �1 0 0

0 0 1 1

0 0 1 �1

3775 :
� Phase gates on first and second qubits:

S1 D S ˝ I2 D R
.6/
12

and S2 D I2 ˝ S D R
.6/
56
:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Controlled-Z and Controlled-NOT gates

� General construction: [Nielsen–Chuang]

CZ D ei �
4 ei �

4
Z1Z2e�i �

4
Z1e�i �

4
Z2;

where Z1 D Z ˝ I2 and Z2 D I2 ˝ Z
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Controlled-Z and Controlled-NOT gates

� General construction: [Nielsen–Chuang]

CZ D ei �
4 ei �

4
Z1Z2e�i �

4
Z1e�i �

4
Z2;

where Z1 D Z ˝ I2 and Z2 D I2 ˝ Z

� Recall:

e˙i �
4
A

D cos
��

4

�
I2 ˙ iA sin

��
4

�
; for A2

D I2

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Observe:

ei �
4
Z1Z2 D ei �

4

�
R
.6/
34

�|
;

e�i �
4
Z1 D e�i �

4 R
.6/
12
; e�i �

4
Z2 D e�i �

4 R
.6/
56
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� Observe:

ei �
4
Z1Z2 D ei �

4

�
R
.6/
34

�|
;

e�i �
4
Z1 D e�i �

4 R
.6/
12
; e�i �

4
Z2 D e�i �

4 R
.6/
56

� Therefore:

CZ D R
.6/
12

�
R
.6/
34

��1
R
.6/
56

D

2664
1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 �1

3775
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� Braid diagram for CZ:

1

2

3

4

5
6

Z



Statphys23 Satellite Meeting, STATISTICAL FIELD THEORY OF QUANTUM DEVICES, Perugia (Italy) July 16-19, 200745 / 69

� Braid diagram for CZ:

1

2

3

4

5
6

Z

� Amazing: 100 % topological protection for CZ !
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� Braid diagram for CZ:

1

2

3

4

5
6

Z

� Amazing: 100 % topological protection for CZ !
� How can this be?

� Topological entanglement built into R
.6/
34

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� CNOT is now straightforward

CNOT D H2 CZ H2 D R56R45R�1
56 R�1

34 R12R45R56

'

2664
1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

3775

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Alternatively

CNOT D R�1
34 R45R34R12R56R45R�1

34 :

1

2

3

4

5
6

� N.B.: 100 % topological protection for CNOT
� Just 7 elementary braids!

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)

1η 2η 3η 4η 5η 6η
��������������
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)

1η 2η 3η 4η 5η 6η
��������������

1η 2η 3η 4η 5η 6η
��������������

23R
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)

1η 2η 3η 4η 5η 6η
��������������

1η 2η 3η 4η 5η 6η
��������������

23R

1η 2η 3η 4η 5η 6η
��������������

23R
12R
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)
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1η 2η3η 4η 5η 6η
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34R



Statphys23 Satellite Meeting, STATISTICAL FIELD THEORY OF QUANTUM DEVICES, Perugia (Italy) July 16-19, 200748 / 69
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)

1η 2η 3η 4η 5η 6η
��������������

1η 2η 3η 4η 5η 6η
��������������

23R

1η 2η 3η 4η 5η 6η
��������������

23R
12R

1η 2η3η 4η 5η 6η
��������������

23R
12R

1η 2η3η 4η 5η 6η
��������������

1η 2η3η 4η 5η 6η
��������������

34R

1η 2η3η 4η 5η 6η
��������������

34R
23R

1η 2η3η 4η 5η 6η
��������������

34R
23R

1η 2η3η 4η 5η 6η
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The two-qubit SWAP gate: deceptively simple

Exchange two neighbouring qubits (answer to S. Bravyi)

1η 2η 3η 4η 5η 6η
��������������

1η 2η 3η 4η 5η 6η
��������������

23R

1η 2η 3η 4η 5η 6η
��������������

23R
12R

1η 2η3η 4η 5η 6η
��������������

23R
12R

1η 2η3η 4η 5η 6η
��������������

1η 2η3η 4η 5η 6η
��������������

34R

1η 2η3η 4η 5η 6η
��������������

34R
23R

1η 2η3η 4η 5η 6η
��������������

34R
23R

1η 2η3η 4η 5η 6η
��������������

1η 2η3η 4η 5η 6η
������� �������

1η 2η3η 4η 5η 6η
������� �������

23123423 RRRRU =

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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U.1;2/$.3;4/ D R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 �1

3775
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U.1;2/$.3;4/ D R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 �1

3775
� Problem: extra "-" in j11i ! �j11i
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U.1;2/$.3;4/ D R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 �1

3775
� Problem: extra "-" in j11i ! �j11i (top. entanglement)
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U.1;2/$.3;4/ D R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 �1

3775
� Problem: extra "-" in j11i ! �j11i (top. entanglement)
� A way out: use CZ D diag.1; 1; 1;�1/
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U.1;2/$.3;4/ D R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 �1

3775
� Problem: extra "-" in j11i ! �j11i (top. entanglement)
� A way out: use CZ D diag.1; 1; 1;�1/ D R12R34R�1

56
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U.1;2/$.3;4/ D R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 �1

3775
� Problem: extra "-" in j11i ! �j11i (top. entanglement)
� A way out: use CZ D diag.1; 1; 1;�1/ D R12R34R�1

56

SWAP D

�
R12R34R�1

56

�
R23R34R12R23 D i

2664
1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

3775
L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Three qubits and three-qubit gates:

1η 2η 3η 4η 5η 6η

qubit 1 qubit 2 qubit 3

8η
7η

� Fermion parity conservation:

e3e4 D e1e2e5e6e7e8 ) #states D 8:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Computational basis:

j000i � h�C�C�C�C�C�C�C�Ci;

j001i � h�C�C�C���C�C�C��i;

j010i � h�C�C�C���C���C�Ci;

j011i � h�C�C�C�C�C���C��i;

j100i � h�C���C���C�C�C�Ci;

j101i � h�C���C�C�C�C�C��i;

j110i � h�C���C�C�C���C�Ci;

j111i � h�C���C���C���C��i:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Exchange matrices for 8 quasiholes

� Recursive: obtain from R
.6/
a;aC1

� Fuse �7 ! �8 or �5 ! �6 or �3 ! �4 etc.

R
.8/
12

D diag.1; 1; 1; 1; i; i; i; i/ D R
.6/
12

˝ I2;

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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R
.8/
23

D
ei �

4

p
2

2666666666664

1 0 0 0 �i 0 0 0

0 1 0 0 0 �i 0 0

0 0 1 0 0 0 �i 0

0 0 0 1 0 0 0 �i

�i 0 0 0 1 0 0 0

0 �i 0 0 0 1 0 0

0 0 �i 0 0 0 1 0

0 0 0 �i 0 0 0 1

3777777777775
D R

.6/
23

˝ I2;

R
.8/
34

D diag.1; i; i; 1; i; 1; 1; i/;

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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R
.8/
45

D
ei �

4

p
2

2666666666664

1 0 �i 0 0 0 0 0

0 1 0 �i 0 0 0 0

�i 0 1 0 0 0 0 0

0 �i 0 1 0 0 0 0

0 0 0 0 1 0 �i 0

0 0 0 0 0 1 0 �i

0 0 0 0 �i 0 1 0

0 0 0 0 0 �i 0 1

3777777777775
D R

.6/
45

˝ I2;

R
.8/
56

D diag.1; 1; i; i; 1; 1; i; i/ D R
.6/
56

˝ I2;

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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R
.8/
67

D
ei �

4

p
2

2666666666664

1 0 0 �i 0 0 0 0

0 1 �i 0 0 0 0 0

0 �i 1 0 0 0 0 0

�i 0 0 1 0 0 0 0

0 0 0 0 1 0 0 �i

0 0 0 0 0 1 �i 0

0 0 0 0 0 �i 1 0

0 0 0 0 �i 0 0 1

3777777777775
;

R
.8/
78

D diag.1; i; 1; i; 1; i; 1; i/ D I2 ˝ R
.6/
56
:

� Artin relations for B8
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R
.8/
67

D
ei �

4

p
2

2666666666664

1 0 0 �i 0 0 0 0

0 1 �i 0 0 0 0 0

0 �i 1 0 0 0 0 0

�i 0 0 1 0 0 0 0

0 0 0 0 1 0 0 �i

0 0 0 0 0 1 �i 0

0 0 0 0 0 �i 1 0

0 0 0 0 �i 0 0 1

3777777777775
;

R
.8/
78

D diag.1; i; 1; i; 1; i; 1; i/ D I2 ˝ R
.6/
56
:

� Artin relations for B8

jImage.B8/j D 5160960; jImage.M8/j D 128

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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The universal R matrix for Uq.sl.2//

� n-qubit spaces: 2.n C 1/ Ising anyons realize spinor IR’s
of SO.2n C 2/ (of dimension 2n)
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The universal R matrix for Uq.sl.2//

� n-qubit spaces: 2.n C 1/ Ising anyons realize spinor IR’s
of SO.2n C 2/ (of dimension 2n)

� Braid matrices in terms of R for Uq.sl.2// with q D e�i �
4

R
.2nC2/
k;kC1

D I ˝ � � � ˝ I„ ƒ‚ …
k�1

˝R ˝ I ˝ � � � ˝ I
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The universal R matrix for Uq.sl.2//

� n-qubit spaces: 2.n C 1/ Ising anyons realize spinor IR’s
of SO.2n C 2/ (of dimension 2n)

� Braid matrices in terms of R for Uq.sl.2// with q D e�i �
4

R
.2nC2/
k;kC1

D I ˝ � � � ˝ I„ ƒ‚ …
k�1

˝R ˝ I ˝ � � � ˝ I

Spinor representation of the R matrix for the Pfaffian
FQH state (Ising model) [Nayak-Wilczek, Slingerland-Bais,
Ivanov]:
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� Case k odd: R acts only on the k-th factor

R D

�
1 0

0 i

�
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� Case k odd: R acts only on the k-th factor

R D

�
1 0

0 i

�
� Case k even: R acts on the k-th and .k C 1/-th factor

R D
1

p
2

2664
1 0 0 �i

0 1 �i 0

0 �i 1 0

�i 0 0 1

3775
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N.B.: Project fj000i; j001i; j010i; j011i; j100i; j101i; j110i; j111i}
to the two-qubit basis fj000i; j011i; j101i; j110ig

P2 WD

2666666666666664

1 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 0

3777777777777775
L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Factorizability lost after projection

R
.6/
34

D P2

�
I2 ˝

�
1 0

0 i

�
˝ I2

�
P2 D

2664
1 0 0 0

0 i 0 0

0 0 i 0

0 0 0 1

3775
(N.B.: delete all null rows and columns)
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� Artin’s relation follow from Yang–Baxter eqs
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� Factorizability lost after projection

R
.6/
34

D P2

�
I2 ˝

�
1 0

0 i

�
˝ I2

�
P2 D

2664
1 0 0 0

0 i 0 0

0 0 i 0

0 0 0 1

3775
(N.B.: delete all null rows and columns)

� Artin’s relation follow from Yang–Baxter eqs only iff the
projection commutes with I ˝ � � � ˝ I ˝ R ˝ I ˝ � � � ˝ I

� Use universal R matrices for TQC [Kauffman]

� Oportunity for topological quantum entanglement
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Embed 1-qubit and 2-qubit gates into 3-qubits

� Phase gates:

S1 � S ˝ I4 D R
.8/
12
; S2 � I2 ˝ S ˝ I2 D R

.8/
56
;

S3 � I4 ˝ S D R
.8/
78

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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� Hadamard gates:

H1 D H ˝ I4 ' R�1
12 R�1

23 R�1
12

D
e�i �

4

p
2

2666666666664

1 0 0 0 1 0 0 0

0 1 0 0 0 1 0 0

0 0 1 0 0 0 1 0

0 0 0 1 0 0 0 1

1 0 0 0 �1 0 0 0

0 1 0 0 0 �1 0 0

0 0 1 0 0 0 �1 0

0 0 0 1 0 0 0 �1

3777777777775
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H2 ' I2 ˝ H ˝ I2 ' R�1
56 R�1

45 R�1
56

D
e�i �

4

p
2

2666666666664

1 0 1 0 0 0 0 0

0 1 0 1 0 0 0 0

1 0 �1 0 0 0 0 0

0 1 0 �1 0 0 0 0

0 0 0 0 1 0 1 0

0 0 0 0 0 1 0 1

0 0 0 0 1 0 �1 0

0 0 0 0 0 1 0 �1

3777777777775
:

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG



Statphys23 Satellite Meeting, STATISTICAL FIELD THEORY OF QUANTUM DEVICES, Perugia (Italy) July 16-19, 200763 / 69

Third Hadamard gate reproduced up to swapping

H3 D I4 ˝ H ' R�1
78 R�1

45 R�1
56 R�1

67 R�1
56 R�1

45 R�1
78

D
�ei �

4

p
2

2666666666664

1 1 0 0 0 0 0 0

1 �1 0 0 0 0 0 0

0 0 �1 1 0 0 0 0

0 0 1 1 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 1 �1 0 0

0 0 0 0 0 0 �1 1

0 0 0 0 0 0 1 1

3777777777775
:
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Toffoli gate by Controlled-S and CNOT

Toffoli D CCNOT D .I2 ˝ I2 ˝ H / CCZ .I2 ˝ I2 ˝ H /;
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Toffoli gate by Controlled-S and CNOT

Toffoli D CCNOT D .I2 ˝ I2 ˝ H / CCZ .I2 ˝ I2 ˝ H /;

where CCZ D diag.1; 1; 1; 1; 1; 1; 1;�1/.
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Toffoli gate by Controlled-S and CNOT

Toffoli D CCNOT D .I2 ˝ I2 ˝ H / CCZ .I2 ˝ I2 ˝ H /;

where CCZ D diag.1; 1; 1; 1; 1; 1; 1;�1/.

� Construct CCZ gate bay Controlled-S (CS) and CNOT:

CS D diag.1; 1; 1; i/

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Z S S1−S
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Z S S1−S

� CS cannot be expressed by braiding:
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Z S S1−S

� CS cannot be expressed by braiding:
because det CS D i , while det

�
R
.6/
a;aC1

�
D �1.
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Z S S1−S

� CS cannot be expressed by braiding:
because det CS D i , while det

�
R
.6/
a;aC1

�
D �1.

� Braid precursor: R
.6/
56

D diag.1; i; 1; i/
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� Bravyi–Kitaev construction: split qubit 1 into two
charge-1=4 quasiholes only if it is in the state j1i

L. Georgiev [INRNE-Sofia] Theory of Elementary Particles Support: EUCLID, NCSR-BG
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Toffoli gate by braid-group CCZ precursor

C̃CZ � R
.8/
12

R
.8/
34

R
.8/
56

R
.8/
78

' diag .�1; 1; 1; 1; 1; 1; 1;�1/
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Toffoli gate by braid-group CCZ precursor

C̃CZ � R
.8/
12

R
.8/
34

R
.8/
56

R
.8/
78

' diag .�1; 1; 1; 1; 1; 1; 1;�1/

� Bravyi–Kitaev construction: split qubit 1 into two
charge-1=4 quasiholes only if it is in the state j1i

� Dehn twists!
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Open problems: everything is in the details

� Construct
q

R
.4/
12

by braiding + something
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� Embed all single-qubit and two-qubit gates into three-
qubit system
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� Embed all single-qubit and two-qubit gates into three-
qubit system

� Construct the Toffoli gate

� Approximate quantum Fourier transform
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Open problems: everything is in the details

� Construct
q

R
.4/
12

by braiding + something

� Embed all single-qubit and two-qubit gates into three-
qubit system

� Construct the Toffoli gate

� Approximate quantum Fourier transform

� Analyze the error sources
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