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Overlook and plan of the seminar

Bird-eye view on Lieb-Liniger model

Wave function and S-matrix

Correlation functions in the LL model

Sh-Gordon model and mapping to the LL model
Form Factor theory

* Thermal and finite density average (LM formalism)




Experimental setup (I)

Magnetic harmonic potential: J4eR®s =%m(w§x2+wjy2+w§z2)

1D condition: frozen
<— transverse degrees
of freedom
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V =V, cos” (kx)
ladders or coupled cigars)

Other configurations (like
are as well possible:

Using optical lattices:







= Failure of mean-field approaches

= 1D Hamiltonia . osons (Lieb-Liniger

model) called fiuu of non-perturbative,
numerical and IRl cS and used as

benchmark for approximate methods

In the last 10 years: Experimentally realized (with
tunable parameters) with ultracold atoms




N interacting bosons in 1D:

One non-trivial coupling constant:

_2mk

’= hn density

Temperature in units of the degeneracy temperature:
h°n’
k, T, =
2m

Coupling controllable from the 3D setup:

n’a,, 1

2
ma, 1-Ca;,/a,




Lieb-Liniger Hamiltonian (l)

_2ml r




Newton cradle of cold atoms

Kinoshita et al., Nature (2006)




Correlation functions

Despite the exact solution of the thermodynamics of the
model (Lieb-Liniger, Yang-Yang), the computation of its

correlation functions turns out to be a hard problem

Bosonisation, quantum MC, BA solution, weak
and strong coupling expansions, . . .




(Kormos, GM, Trombettoni)

e Start from a relativistic integrable QF T and consider
the LL model as a suitable non-relativistic limit thereof

* An integrable relativistic integrable QF T has all the
equations needed to pin down the exact matrix elements

* The correlation functions are then expressed in terms o
spectral representation at finite density and temperature










1D Lieb-Liniger and Non-linear Schrodinger

R AP\
_2m ox ox

+ AP

Hy = fdx

- The density po(x,r) =¥ (x,1)¥(x,t) is conserved

- Hence, we can work at fixed number of particles

'Y(x,,...,x ) >
= fdal...danX(xl...xn la,..a )W (a)..¥ (a,)l0>



N
iy P(k;)x,

X(X{yeeesX,) E a(P)e '

P




Integrability of LL model

Elastic process




(V®)’ - £ [cosh(g®) - 1]

8

This is the only QFT Z, symmetric that is
integrable




Production pro




Only elastic scattering

-




Rapidity variable

E = é\ﬂfz_c%s;l }H) > 14(32 CIQ?H/%)QM')

P = Mcsinh0 = Mc&nh(0 + 2i)




Exact Factorizable 2-body S-matrix

tanh;(ﬁ1 -0, - thB(g))
SSh(HI’HZ’g) = 1—

tanh5 (6, -6, +inB(g))




Infinite-product representation

Euler’s formula

Sinhz=zf[(1+ 3 \=z - (1+i) (l—i)

k=1

Slnhl(/g — lJTCl) +00 /3

[a]=—= =
Sinhi(/g)+in’a) k=0

—imma + 2k

p + ima + 2k



In the double limits

the S-matrices of the two models coincide!

2
tanhl(@1 ~60,—imB(g))  p-pr—i A

Sq(0g)=—2————— >~ T___g (p2

tanh;(ﬁl —0,+inB(g)) P -p,+ izil:l)»




The coincidence of the S-matrices induces an

between the operator content of the two theories




 Establish the exact mapping between the operators

©—-0

« Exact expressions of matrix elements (Form Factors)
In Sh-G model and their expression in the double limit

FAB.BysesB,) =<0 1AQO) 1B, ..., >

 LeClair-Mussardo formalism to express correlation functions
at finite density and finite temperature




. neglect all highly time oscillating terms when
iIntegrate densities

- +i—|P —-¥
2m odx ox 2 ot ot

LShG g LNLS =

2 + +
n oWt QW h( PN (Nj)—AIIPI“




Local correlators in LL model

g5 rules the recombination rate of the gas (i.e. its stability)




Form Factors

FYB\BosesB.) =<0 1AO0) 1 B,.B, .. B, >




Watson’s equations

D 1B By >

<0|(I)(0)|/31/5n >in = i <O|(I)(O)|[)’lﬁm >0ut0ut</31”.[5m lﬁl[)’n >in

= i: <01DO0)Ip,-B, >aw.

The coBpltatiotegraibte snecsy|tieeas Badteramm 161 thestiproblem |




2-particle Form Factor

F,(s+ie)=<01D0)IA, (B)AB,) >,

£, (s - ie) E{S akod ) paXBS sk, LEYF (S — 1E)



IRrthe rapidity varable

@.ﬁﬁﬂiﬂﬂﬂ(’iﬂiﬂlﬂﬁﬂiﬂ%

/NS




Behavior at the t-cut

<A (p,)IPIA(
b

l

_p2) >0ut

FQm> + Im? — s - ie)

0ut<AE(p2)|(I)|Aa( (_p2)>in

1€)



IRrthe rapidity varable

N/







Monodromy properties

F(Byr-BisBivr.-B,) = SKBEBRD) F(-..B.... B

Py + 270,55 Brsy --By) = £ (Bye-Bisys By By)







SPECEIOOPEALONS

The Form Factors of scalar operators satisfy a set of functional

and recursive equations which admit a number of solutions,

given the number of asymptotic states

An operator is associated to
a path in this lattice space




Cluster property

lim F,' (B +AI2,.B+AI2,B, —N/2,..0,-A/2)=

IAl->o0

1
<D >

F o (BB Fy o (BB

Self-clustering operators







How to solve these equations?

We can use the factorization for writing the solution as

E(BroesB) = K7 (BB | Foin (B = B))

i<j

F™(B)=S,(B) FX"(-B) B ool ornfB o) = 45, oot o)
F;rzin(l.ﬂ + /J)) = F;lr;nn(lﬂf — /3) Kr(zl)(“’/“:))i + 2ﬂi""ﬁj,"’) = K:zb(-aﬁi’"’ﬁj,a--)

does not have any pole or has the proper set of poles

zeros in the physical strip for solving the recursive egs.




Minimal Form Factor of Sh-Gordon model

Smh_smhM

F. (B)=Nexp|4 f ; (iﬂ—[b’)t]

" sin [
sinh 7 cosha 21

sinh

F . _(B+in)F.. —



Infinite product representation

f%e‘/”tsin2 at = Zlog 1+ L—

1| (2a)

Bl

t(1-2a)

© 1 cosh

2ft

0 cosh —sinht

sin’ [/Aa’t]

( R s\ )
eaiman) ||z
/ A \2\/ / A \2\
1+Lk+1€a/2JJL1+Lk+3/§—a/2JJ

+1



Analytic structure

has a sequence of increasing number of and zeros

along the immaginary axes, none of them in the physical strip




(sinh B + isinma)

_;8.0)
sinJta

-
©)
S
©
=]
O
Q
o
-
©)
=
<)
-
=
LL

g,(p+im)g,(P)




Parameterization of the FF of scalar operators

EO By = HPQP (i [ [P 2t

(oo

his symmetric polynomial contains all kinematical poles
This is also a symmetric polynomial, that contains the information

on the operators :
P @ ﬁk = ﬁj T

Its total degree is fixed by Lorentz invariance

nn-1)
2

d'(Q,)=



sy svrnmneiric oolynormizls

11
(
—
=
i
=
(=

n n
" . -k
- Generating functions | | (x+x;)= E x" cr,(c”‘)(x1 Yoo
i=1 k=0

- Explicitly

Gé”)(xl,...,xx) =1

(n)
O, (X yee0sX ) =X, + X, + "+ X,

(n) _ e
02 (xl,...,xx) - xle + xl.X:3 +

(n) _
O, (X ,eees X, ) = X, X, X5 """ X

n

The total degree of o\ is k and its partial degree is 1



Minimal Solutions (self-cluster operators)

(Koubek, GM)

M(k) is an (n-1) x (n-1) matrix with entries

(lklo, [k+1o, [k+2]o5 -
[k-1] [klo, [k+1]o,
v 0 [k-1]o, [k]o,

sin(knB)
sin(tB)

[k] =



11—I>I;>10F;1Y([))1 + Aaﬁz + Aa---aﬁm + A;ﬁm+l""’ﬁn) = an(ﬁl”[)’m)Eim(ﬁmH”ﬁn)







Exact matrix elements of all other operators, such as
OB

are obtained by expanding O(m) the form factors
of exponential operators

(e






Finite T and finite density correlators

In integrable theories there is a very efficient way of
computing such quantity (LeClair-Mussardo formula)

< S |
<A>T’"=EE H (/3}))

E
k=0 —00 ]=1 1+e

< ﬁk""’ﬁl IA(an) lﬁla'“’ﬁk >c0nn

where €([3) is solution of the Thermodynamic Bethe Ansatz egs




() = k—Tcosh/s - [ L (p-pytog+ )

() = —z%log S(B)




PN OO dp, dp |1
< (W'WP) >T,n=( ) E fzi 2/3_5 (Hl_l_ee(b’,))

<B .05 L®":(0,0)18,...8, > =n‘g(y,7)

The series is fastly convergent!

° g1=1
* g,: Hellman-Feynman theorem

* g; known only at T=0 (Cheianov et al.)




ww)= L £l s [ £ ) L2 £ (02) - )+

—00

' f dplfpl)f dp2f<p2>f L2 p(p)+#p= ) #pa - ) -

h

This can be resummed by the TBA equations

p()=L+ [ 1) - ) )=
'm l

<w*w>=_fdpf(p)ﬁ(p)=n




g1 and g2 at T = 0 using form factorsupton=4,6 and 8
particles, respectively with green dot-dashed, dashed
and dotted lines.
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g3 at T = 0 with form factors up to n = 6 and 8 particles. The
exact value is given by the solid line whereas the purple dot-
dashed line above corresponds to the leading order expression




Strong coupling, y>>1, T=0

Leading term

in agreement with Gangardt at al.

But we can also compute next leading terms

Am° 6 Sm” 1

= 1-—-(24 - +O0(y”
167° 16

= 1-—|+0°®



Asymptotic results for T>0

For y2>> 1 >>1

k(k-1)/2
T
gk(yat) = (7) Jk

k' 1 : , et b,
]k =— fdxl...fdxkn(xi —Xj) e = A k(k=1)/2

once again, in agreement with Gangardt at al.




g, at T>0 from Hellman-Feynman theorem




g2at 1=1and 1=10 using form factors upton=4,6 and 8
particles. The solid lines show the exact result, while the purple
dot-dot-dashed line is the leading order expression.




gs;vsyat T=1and1=10 g;vstat y=7andy=15

The blue dashed and the red dotted lines referton =6 and 8
particles, respectively. The purple lines show the asymptotic
results.




Conclusions

 Unified approach to compute correlation functions in LL model

* The method can be generalized also to compute correlators In
highly excited states (Super-Tonks gases)

* The relative small value of g, explains the thermodynamic
stability of the LL gas

* By product: long standing problem of computing matrix elements
through Algebraic Bethe Ansatz can be drastically simplified
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