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Elastic gauge fields, Hall viscosity and  
the chiral anomaly in Weyl Semimetals





Tool:	
  effec&ve	
  ac&ons	
  

	
  Key	
  issue:	
  	
  	
  
Local	
  la.ce	
  deforma&ons	
  couple	
  to	
  the	
  electronic	
  
degrees	
  of	
  freedom	
  of	
  Weyl	
  ma/er	
  as	
  fic&&ous	
  gauge	
  fields.	
  
New	
  unexpected	
  anomaly-­‐related	
  response	
  func&ons.	
  

Hall	
  viscosity	
  from	
  elas&c	
  gauge	
  fields	
  in	
  Dirac	
  crystals,	
  	
  A.	
  Cor&jo,	
  K.	
  
Landsteiner,	
  Y.	
  Ferreiros,	
  and	
  MAHV,	
  	
  arXiv:1506.05136	
  (2015).	
  

L = Ψk (γ
µkµ − m − bµγ

µγ 5 )Ψk

	
  	
  	
  	
  	
  Main	
  results:	
  
• 	
  Elas&c	
  gauge	
  fields	
  in	
  
	
  Weyl	
  semimetals.	
  	
  
• 	
  Hall	
  viscosity	
  from	
  	
  Hall	
  	
  
conduc&vity	
  in	
  Dirac	
  maVer	
  
• 	
  Coefficient	
  related	
  to	
  
	
  	
  	
  AAA	
  triangle	
  graph	
  	
  

	
  	
  	
  	
  	
  	
  	
  Players:	
  	
  
• 	
  Weyl	
  maVer	
  
• 	
  Hall	
  conduc&vity	
  
• 	
  Elas&c	
  gauge	
  fields	
  	
  

Geometry	
  



High school solids 

  Discrete energy levels separated by forbidden regions!

Crystal: many atoms in a periodic lattice. 



Dictionary


• 	
  Band	
  theory:	
  electrons	
  	
  in	
  a	
  periodic	
  poten&al.	
  The	
  bands	
  retain	
  the	
  symmetry	
  
	
  	
  proper&es	
  of	
  the	
  original	
  orbitals	
  (parity,	
  inversion,	
  etc.)	
  

• 	
  Brillouin	
  zone:	
  support	
  of	
  non-­‐equivalent	
  k	
  values.	
  	
  
	
  In	
  2D	
  periodic	
  BZ	
  a	
  torus.	
  

• 	
  Each	
  discrete	
  level	
  En	
  of	
  the	
  atom	
  or	
  molecule	
  	
  
	
  	
  forms	
  a	
  band	
  .	
  

• 	
  Fermi	
  surface:	
  fill	
  the	
  bands	
  with	
  electrons.	
  

• 	
  Con&nuum	
  model:	
  expand	
  dispersion	
  rela&on	
  around	
  a	
  point	
  at	
  the	
  Fermi	
  surface.	
  

εn (k)

εn (k) = εF The	
  vacuum	
  



Ψn (r) = eikr
k∈B
∑ un (k)

Wave function:  Bloch 
un (k +T ) = un (k)

•  Berry connection:  Encodes (most) topological  
properties of the system. 

A fiber bundle over BZ 

 
!
An (k) = un (k)

!
∇k un (k)   

 
Cn=

1
2πi

d 2
BZ
∫
!
k .
!
Bn (k)•  Chern number (2D):  

Band topology



At least two bands needed to have


non trivial topology 



•  An observable consequence: 
 
σ H = Cn

nfilled
∑ e2

!

D.	
  Carpen&er	
  
arXiv:1408.1867	
  



Questions


•  How did Dirac arise in condensed matter? -> Dirac matter


•  How did topology pop up? -> Topological matter



•  Are Dirac material physical realizations of QED or are 
they only analogs? -> Similarities and differences between 
QFT and CM 



Graphene as a prototypical example



Main differences due to the finite bandwidth





Tight binding approach



          Honeycomb lattice: 

t~2.7 eV!

 Dispersion relation	
  

Wave function	
  

Ψ = ΨA( ,ΨB )

HΨ = EΨ

•   Two atoms per unit cell 
•   Two bands 

   φ(
!
k ) = ei

!
k!a1 + ei

!
k!a2 + ei

!
k!a3

 Fermi surface for the neutral 
material (half filling): E(k)=0	
  

   

H = a!k
+ b!k
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E( !q) = ±t 3+ 2cos( 3qya) + 4cos(

3
2

qxa)cos(
3

2
qya)



Fermi points and Dirac fermions



Get six Fermi points at the six corners of the BZ


(only two are independent)



E(k) = 0

a	
  	
  	
  	
  	
  	
  	
  0	
  and scale the hamiltonian: 
Continuum limit at K point:



  
vF =

3ta
2

≈ 106 m / s ≈ c / 300

Massless (2+1) Dirac with vF





Expanding around the other Fermi point get 



The two “flavors” are related by T . 
They have opposite helicities and winding numbers.



H (−K + k) = vF (−kxσ x + kyσ y )

Essential property: separated in k space



Obstructions to Weyl fermions in crystals


1. Weyl arise in conjugate  pairs (Nielsen-Ninomiya).  Put them apart in k space.


2. Kramers degeneracy: T  (or I) must be broken (spin).


3. Fine tuning: Fermi level aligned to the nodes.





Summary of graphene features



•  The electronic properties described by 2D massless spinors. 



  

ΨK =
Ψ A

ΨB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 

  

ΨK ' =
Ψ A

ΨB

⎛

⎝
⎜
⎜

⎞

⎠
⎟
⎟

 
•   They come in two flavors associated to the


  two Fermi points of oposite helicities. 


  (Called valleys in semiconductor language).



•   Spinor structure given by the two


    sublattices A and B.



• 	
  	
  Real	
  spin	
  did	
  not	
  play	
  much	
  a	
  role	
  un&l	
  the	
  recent	
  advent	
  of	
  the	
  topological	
  insulators	
  

  
L = dt  d 2∫ x Ψ i (x,t)γ µ

i=K ,K '
∑ ∂µΨ i (x,t)

H (K ) = H *(−K ) Effec&ve	
  Hamiltonian	
  at	
  each	
  valley	
  involves	
  the	
  
two	
  in-­‐equivalent	
  representa&ons	
  of	
  the	
  Dirac	
  	
  
matrices	
  in	
  3D	
  .	
  	
  	
  	
  

•   The interacting system behaves as “reduced” QED : α ∼2


•   RG analysis: α=0 IR stable fixed point similar to QED(3+1).  





Where does the mass come from?: spin-orbit coupling



Use	
  the	
  spin	
  degree	
  of	
  freedom	
  to	
  
get	
  two	
  copies	
  of	
  Dirac.	
  Spin-­‐Hall	
  
effect.	
  Same	
  with	
  valleys:	
  VHE.	
  Or	
  
with	
  layers	
  in	
  bilayer:	
  LHE.	
  Birth	
  of	
  
topological	
  insulators.	
  

Topological aspects



Seff A[ ] = sign(m)ε µνλAµ∂νAλ





Topological matter



Kitaev,	
  Moore,	
  Read	
  share	
  Dirac	
  Medal	
  2015!	
  

C.	
  Kane	
   S	
  Zhang	
   D.	
  Haldane	
  



Courtesy	
  of	
  F.	
  Guinea	
  and	
  A.	
  Geim	
  

Mechanical properties







Modeling lattice deformations in graphene



Ax =
β
a
uxx − uyy( )  , Ay =

2β
a
uxy

Tight binding

 Geometric formalism



HTB = tijai
+

<ij>
∑ bj

HTB = i d 2x Ψ+∫ σ i (∂i + iAi )Ψ

Both predict vector  fields coupled to electronic excitations.


Opposite signs at the two Fermi points



Elasticity+low energy near a Fermi point

 H = i d 2x g∫ Ψσ µ (∂µ + Γµ )Ψ

Dirac equation in a curved background



Continuum from the beginning.


Does not see the underlying lattice. 



  γ
µ (r) = γ aea

µ (r)



 Symmetry approach


Build an effective H at low energy with C3v symmetry



C3 invariant tensor: 

Even # indices: contract 
with the flat metric



"   What can we build with                 ?  ? 

Odd # indices: contract 
with f or εijk 

 H0 = vF
!
σ . !q

Terms compatible with C3 symmetry:



Ai ≈ f ijku jk

F.	
  de	
  Juan.	
  M.	
  Sturla,	
  MAHV	
  PRL’12	
  
F.	
  de	
  Juan,	
  J.	
  Mañes,	
  MAHV	
  PRB’13	
  
J.	
  Mañes,	
  F.	
  de	
  Juan,	
  M.	
  Sturla,	
  MAHV	
  PRB13	
  



Physical reality of the elastic gauge fields



Reorganization of the density of states similar to Landau levels.



Artificial graphene 

Manoharan’s	
  group,	
  Nature(2011)	
  

CVD graphene 

N.	
  C.	
  Yeh(Caltec),	
  Surface	
  Science	
  10	
  



Viscosity	
  
Fluids:	
  (characterized	
  by	
  velocity	
  field	
  u)	
  
-­‐	
  Shear	
  and	
  bulk.	
  Fric&on.	
  	
  
-­‐	
  It	
  is	
  zero	
  at	
  zero	
  temperature	
  

Elas<city:	
  (characterized	
  by	
  strain	
  tensor	
  	
  uij)	
  
-­‐	
  Response	
  of	
  the	
  stress	
  tensor	
  to	
  &me	
  varying	
  strain	
  (strain	
  rate):	
  

 

Tij ∼ηijklukl   

ukl =
1
2

(∂kul + ∂luk )

 Tij ∼ηijkl "ukl   

Response	
  of	
  the	
  stress	
  tensor	
  to	
  	
  
velocity	
  gradient.	
  

(Dimensions	
  of	
  density	
  in	
  units	
  h=1)	
  



Anomalies	
  and	
  non-­‐dissipa<ve	
  responses	
  
Thermal	
  Hall	
  effect	
  

Hall	
  viscosity	
  
• 	
  T	
  broken	
  
• 	
  Dissipa&onless	
  currents	
  
• 	
  Chern-­‐Simons	
  effec&ve	
  ac&ons	
  
• 	
  Needs	
  coupling	
  e’s	
  to	
  elas&city	
  

• 	
  	
  Odd	
  stress	
  response	
  to	
  a	
  &me	
  varia&on	
  of	
  strain	
  
• 	
  	
  In	
  FQHS	
  and	
  topological	
  SC	
  propor&onal	
  to	
  the	
  average	
  angular	
  	
  
	
  momentum	
  
• 	
  	
  A	
  new	
  topological	
  quantum	
  number	
  
• 	
  Also	
  interes&ng	
  in	
  the	
  quark-­‐gluon	
  plasma	
  (Abanov,	
  Gromov	
  2014	
  )	
  

 Tij ∼ηijkl "ukl

Ref.:	
  J	
  Avron	
  et	
  al,	
  PRL	
  75,	
  697	
  
Review:	
  C.	
  Hoyos,	
  1403.4739;	
  Torsional:	
  T.	
  Hughes	
  et	
  al,	
  Phys.Rev.	
  D88	
  (2013)	
  025040	
  	
  



Hall	
  conduc&vity	
  

 SCS ∼ νHε
ijkAi∂ jAk

 

Tij ∼η
ijkl
H  "ukl    ,  η

ijkl
H = −ηklij

H

          S ∼ηijkl
H  uij "ukl  

 

SCS = νHε
ijkAel

i  ∂ jAk
el ∼  νHε

102Ael
1  ∂0A2

el + ...∼

                     ∼ νH
β 2

a2 4 u11 "u12 + ...

(Graphene)	
  

In	
  graphene	
  Hall	
  conduc&vity	
  !"	
  Hall	
  viscosity	
  
Orders	
  of	
  magnitude	
  bigger	
  than	
  standard	
  

Hall	
  viscosity	
  from	
  Hall	
  conduc<vity	
  
Hall	
  viscosity	
  

Ael
1 =

β
a
(u11 − u22 )

Ael
2 = −2 β

a
u12

 
ηH ∼ νH

4β 2

a2

Standard	
  Hall	
  viscosity	
  in	
  B:	
    

ηnew

ηB

∼
l2B
a2
∼
104

B(T )



	
  Weyl	
  semimetals	
  (3D	
  graphene)	
  

Axial	
  vector	
  poten&al	
  	
  

Minimal model: 

S = d 4kΨk∫ (γ µkµ − m − bµγ
µγ 5 − eγ µAµ )Ψk

(3+1)	
  massless	
  QED.	
  They	
  exist!!	
  

Effec<ve	
  ac<on:	
   Anomalous Q-Hall conductivity: 

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  (3+1)	
  massless	
  QED	
  has	
  anomalies	
  

• 	
  A	
  realiza&on	
  of	
  Lorentz	
  breaking	
  QED	
  (A.	
  G.	
  Grushin	
  Phys.	
  Rev.	
  B	
  89,	
  081407(R)	
  (2014))	
  	
  

σ ij =
e2

2πh
ε ijkKk

K	
  is	
  the	
  vector	
  separa&ng	
  the	
  two	
  Weyl	
  points	
  

 
Δkµ ∼ bµ 1− m

2

b2

SCS =
e2

16π 2 d 4∫ x K iε ijklAj∂kAl



Physical	
  reality	
  of	
  WSM	
  	
  

• 	
  A	
  new	
  type	
  of	
  Weyl	
  semimetal	
  with	
  quadra&c	
  	
  
	
  double	
  Weyl	
  fermions	
  in	
  SrSi2,	
  1503.05868	
  

Science	
  347,	
  294	
  (15)	
  

Hassan’	
  s	
  group	
  
	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  TaP	
  
1506.06577Dresden	
  

	
  	
  	
  	
  	
  	
  	
  	
  TaP	
  	
  
1507.03983	
  Mesot	
  group	
  

Na3Bi	
  





 
!Q5 =

e2

4π 2

"
E ⋅
"
B

Chiral	
  anomaly	
  implies	
  charge	
  transfer	
  between	
  the	
  two	
  chirali&es	
  	
  with	
  E	
  ıı	
  B	
  

1503.02630	
  

See	
  also:	
  
• 	
  1503.01304	
  
• 	
  1503.08179	
  
• 	
  1504.07398	
  
• 	
  PRB88,	
  104412	
  
• JCCM_MAY_2015_03	
  
• 	
  .....	
  

Observa&on	
  of	
  the	
  ABJ	
  chiral	
  anomaly	
  in	
  a	
  Weyl	
  semimetal	
  



Elas<c	
  gauge	
  fields	
  in	
  WSM	
  

As in graphene, the gauge fields couple with opposite signs to the two chiralities. 



3D	
  Hall	
  conduc&vity	
  

 SCS ∼ νHKiε
ijklAj∂kAl  S ∼η

ijkl
H  uij "ukl  , in particular, S ∼ u 31 "u32

Elas&c	
  gauge	
  fields	
  

 A
el
1 ∼ u31  , Ael

2 ∼ u32  ,  Ael
2 ∼ u33

 

SCS = νHKiε
ijklAel

j  ∂kAl
el ∼  νHK3ε

3102Ael
1  ∂0A2

el + ...∼
                     ∼ νHK3  u31 "u32 + ...  

ηH ∼ νH
Kβ 2

24a2

Hall	
  conduc&vity	
  "	
  Hall	
  viscosity	
  

Hall	
  viscosity	
  from	
  Hall	
  conduc<vity	
  

Hall	
  viscosity	
  

Standard	
  phonon	
  HV	
  for	
  WSM	
  was	
  zero	
  at	
  zero	
  T	
  and	
  µ	
  	
  

Tij =
δS
δuij



Γa[A
5 ] = 1

3
Γ[A]Γa[A]

• 	
  New	
  mechanism	
  for	
  Hall	
  viscosity	
  in	
  topological	
  maVer	
  
• 	
  In	
  WSM	
  is	
  was	
  zero.	
  
• 	
  In	
  graphene,	
  

• 	
  Other	
  anomaly	
  related	
  responses.	
  
• 	
  Straintronics	
  in	
  Dirac	
  crystals.	
  

 

ηnew

ηB

∼
l2B
a2
∼
104

B(T )

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  High	
  energy	
  implica<ons	
  	
  
No	
  axial	
  fields	
  in	
  the	
  standard	
  model	
  of	
  	
  
par&cle	
  physics.	
  	
  
• 	
  The	
  Hall	
  viscosity	
  comes	
  	
  
from	
  the	
  AAA	
  diagram.	
  A	
  test	
  of	
  the	
  factor	
  1/3.	
  
• 	
  Axial	
  Magne&c	
  Effect:	
  

 
!
Jε =σ AME

!
B5

The	
  AAA	
  triangle	
  anomaly	
  

Summary	
  



ICMM(Theory group)  

This	
  work:	
  
A.	
  Cor&jo	
  
K.	
  Landsteiner	
  
Y.	
  Ferreiros	
  

Karl Landsteiner



J.	
  L.	
  Mañes	
  

F. de Juan 





Generality	
  of	
  the	
  effect:	
  Weyl	
  crystals	
  

G	
   MoS2	
   WSM	
  
Layered	
  3D	
  

3D	
  
2D	
  

• 	
  Need	
  a	
  term	
  in	
  the	
  effec&ve	
  ac&on:	
  

• 	
  Need	
  Hall	
  conduc&vity:	
  	
  	
  	
  

 Seff [u] ∼ηHu11 "u12  or ηHu31 "u32

2D	
  

 Seff [A] ∼σ Hε ijkAi∂ jAk  
3D	
  

 Seff [A] ∼σ HKiε ijklAj∂kAl  

Recipe	
  

Weyl	
  crystals:	
  Dirac	
  cones	
  located	
  at	
  non	
  equivalent	
  points	
  of	
  the	
  BZ	
  
They	
  will	
  support	
  elas&c	
  gauge	
  fields	
  	
  	
  	
  



Dissipa<onless	
  

 

Tij =ηijkl !ukl  
Energy variation under strain: 
δE = −Tijδuij
Thermod: δE = Tδs − pdV
T!s = −ηijkl !uij  !ukl  

Measuring:	
  Phonon	
  Hall	
  viscosity	
  

• 	
  HV	
  mixes	
  longitudinal	
  
and	
  transverse	
  ac.	
  phonon	
  
modes.	
  
• 	
  Characteris&c	
  frequency	
  wV	
  
• 	
  	
  Shivs	
  the	
  	
  frequencies	
  by	
  
(w/wV)2	
  

Barkeshli,	
  	
  Chung,	
  Qi,	
  PRB	
  85,	
  	
  
245107(2011)	
  



TaSe	
  

	
  	
  	
  	
  	
  	
  	
  	
  TaP	
  	
  
1507.03983	
  
Mesot	
  group	
  

	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  TaP	
  
1506.06577Dresden	
  

Large	
  unsaturated	
  nega&ve	
  
magnetoresistance	
  



Ψn (r) = eikr
k∈B
∑ un (k)

Wave function: 

 Bloch


un (k +T ) = un (k)

•  Berry connection: 

 Encodes (most) topological 


properties of the system.



(A fiber bundle over BZ)



 
!
An (k) = un (k)

!
∇k un (k)   

 
Cn=

1
2πi

d 2
BZ
∫
!
k .
!
Bn (k)•  Chern number (2D): 



Band topology



At least two bands needed to have


non trivial topology 



•  An observable consequence: 
 
σ H = Cn

nfilled
∑ e2

!





Axial magnetic  effect	
  

b0:	
  Energy	
  separa&on	
  "	
  spin-­‐orbit	
  coupling	
  
bi:	
  k	
  separa&on	
  "	
  density	
  of	
  magne&c	
  impuri&es	
  -­‐>	
  b(x)	
  "	
  B5(x).	
  

S = d 4kΨk∫ (γ µkµ − m − bµγ
µγ 5 )Ψk

−b2 > m2  , b0 = 0

Experimental confirmation of the gravitational  anomaly?  

Cor&jo,	
  Grushin,	
  Landsteiner,	
  MAHV,	
  PRB	
  89,	
  081407R	
  (2014)	
  



Topological insulators



Topological insulators

Band insulators



Massless Dirac matter appears at the interface between a normal 


(vacuum) and a topological insulator. 2D (1D) edge states at the 


surface of 3D (2D) TI. There are also crystalline 3D TI.   



The first non trivial insulator: Quantum Hall system



Insulators in the bulk and conducting at the edges





Elastic gauge fields in graphene 



Ax =
β
a
uxx − uyy( )  , Ay =

2β
a
uxy

Elas&city+low	
  energy	
  near	
  a	
  Fermi	
  point	
  

 HK ,u
eff = vF

!
σ ⋅ (
!
k +
!
A)

Generalizable to materials with Fermi points at non equivalent points in BZ



H = −t ai
†

<ij>
∑ bj

Ψ = ΨA( ,ΨB )

	
  uij	
  strain	
  tensor,	
  β	
  elas&c	
  parameter	
  



Hall viscosity



• 	
  	
  Hydrodynamic	
  formula&on	
  of	
  electronic	
  fluids	
  (long	
  wavelength	
  dynamics).	
  	
  
Deriva&ve	
  expansion.	
  Ideal	
  hydro:	
  dissipa&onless.	
  

• 	
  Dissipa&on	
  comes	
  as	
  first	
  order	
  correc&ons.	
  Parametrized	
  by	
  	
  kine&c	
  coefficients	
  (viscosi&es,	
  
thermal	
  coefficients..)	
  T	
  broken-­‐>	
  dissipa<onless	
  coefficients.	
  In	
  (3+1)	
  related	
  to	
  anomalies.	
  	
  

• 	
  Avron,	
  Seiler,	
  and	
  Zograf,	
  1995.	
  First	
  defini&on.	
  QHE.	
  (Berry	
  phase	
  in	
  the	
  space	
  H[uij])	
  

• 	
  Lorentz	
  shear	
  modulus:	
  homogeneous	
  electron	
  gas	
  in	
  a	
  magne&c	
  field:	
  Tokatly	
  Vignale	
  2007	
  

• 	
  Hall	
  viscosity:	
  N.	
  Read.	
  2009.	
  FQHE.	
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Dirac fermions 
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